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ABSTRACT: A random sampling technique in which polymer molecules are sampled from an infinite
number of polymer molecules in the reaction mixture is used to predict the molecular weight distribution
(MWD) change during random scission reactions of star-shaped polymers. For simpler initial MWDs,
the analytical solutions for the full MWD change, as well as the average molecular weights, can be derived
in a straightforward manner. For any initial MWD, the concept of the random sampling technique
provides a unique Monte Carlo simulation algorithm that enables one to estimate the change in the
statistical properties during random degradation quite effectively. Compared with the random degradation
of linear polymer molecules, the decrease in the weight-average molecular weight is slower; however,
such differences are made smaller as the initial MWD becomes broader. In the course of random
degradation, linear and branched polymer fractions are formed. As the degradation reaction proceeds,
the polydispersity index of the linear and branched fractions approaches 2 and (f + 1)/f, respectively,
irrespective of the initial polymer distribution, where f is the number of arms in a star polymer.

Introduction
Modification of the molecular weight distribution

(MWD) via degradation reactions provides an attractive
field of research, combining at the same time both
fundamental and applied topics of great interest. Theo-
retical descriptions of the random chain scission and
cross-linking of linear polymers have been studied for
many years by the application of the analytical
technique1-14 for limited initial MWDs and by Monte
Carlo simulations.13-21 For degradation reactions of
linear polymers, even nonrandom degradation has
already been studied.21-24

In the present report, random degradation reactions
of branched polymer molecules are considered. Publica-
tions concerning the theoretical description of degrada-
tion reactions for branched polymer molecules are
scarce. Meddings and Potter25 mentioned that degrada-
tion of branched polymers could be examined by the
application of a Monte Carlo method in their short note.
Quite recently, Giudici and Hamielec26 proposed ap-
proximate deterministic equations for random chain
scission of branched chains together with Monte Carlo
simulation results for an initial uniform distribution of
star and comb polymers with idealized structures. In
comparison with the abundance of literature that deals
with the theoretical description of simultaneous cross-
linking and degradation4-10,15-18 (or degradation of
cross-linked polymers without cycles), why has the
degradation of branched polymers been ignored so far?
In the case of random cross-linking and degradation,
the processes of cross-linking and degradation are
interchangeable,18,27 if the ring-free model1-3 is assumed
for cross-linking reactions and the two processes are
considered independent of each other. Therefore, ran-
dom degradation of homogeneously cross-linked poly-
mers (without cycles) can be investigated by considering
the random cross-linking of linear polymers that are
formed after random chain scission reactions. On the
other hand, the processes of branching and degradation
are not interchangeable, as will be clarified in part 2 of
the present series;28 therefore, one has to examine the
degradation of nonlinear polymers that results in vari-
ous types of chain morphology.26,29

The Monte Carlo method is a versatile technique that
can handle complicated phenomena in a straightforward
manner, provided that each kinetic process, or the
associated transition probabilities, can be defined ex-
plicitly. Conventional Monte Carlo simulations employ
a finite reaction system to represent an infinite system
approximately.15-19,21 In such a method, a very small
part is isolated from the reaction mixture, and the
kinetic behavior of all molecules involved in this small
volume is simulated. A notable advantage of using a
finite reaction system is that one can employ very
realistic models for the simulation, such as those that
account for the effects of chain conformation and
molecule mobility, in a straightforward manner.30 How-
ever, mainly due to computational limitations, the
“virtual reality” processed in a supercomputer is still
far from simulating the real world, and the simulations
are restricted to an extremely small reaction volume.
To examine the accuracy of the simulated results, one
needs to examine the effect of system size by systemati-
cally increasing the number of molecules involved.
Especially when one needs to calculate the molecular
weight distribution (MWD), the system size must be
much larger than the largest polymer molecule in the
finite reaction system.31 (Note that the molecular
weights of nonlinear polymers are usually much larger
than those of linear polymer systems.)
A certain type of finiteness is required in Monte Carlo

computer simulations due to the limited memory size
of the computer. Monte Carlo simulations that employ
a random sampling technique have been proposed
recently to carry out simulations for free-radical and
living cross-linking copolymerizations,32-34 random cross-
linking and degradation of polymer chains,13,14,18 and
free-radical polymerizations with long-chain branching
due to chain transfers to polymer as well as polymeri-
zation with the terminal double bonds.31,35-38 In this
method, the system size considered is infinitely large
and the number of polymer molecules sampled from the
reaction mixture is finite. This method enables one to
account for the kinetics of nonrandom history-dependent
structure formation quite rigorously and can be applied
irrespective of the reactor types used. The accuracy of
the simulated results can simply be improved by
increasing the number of polymer molecules sampled
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from the infinite system, and the required amount of
calculation is so small that personal computers may be
used for the simulations. Another advantage of this
method is that weight-based properties (such as the
weight-average molecular weights and the weight frac-
tion distribution), which are usually more important in
discussing the physical characteristics of polymeric
systems than number properties, can be obtained di-
rectly. (Note that, in the Monte Carlo simulations that
employ finite systems, the simulations are carried out
on the basis of the numbers of polymer molecules, and
then the number distribution obtained is transformed
into weight-based properties. If weight properties are
the main interest, simulations on a number basis lack
accuracy in Monte Carlo simulations, where errors are
always involved as long as the sample size is finite.)
The fundamental idea of the random sampling tech-

nique is quite simple, i.e., we select a finite number of
polymer molecules randomly from the “sea” of polymer
molecules. Consider a linear polymer system for sim-
plicity. The number fraction distribution is obtained if
one samples polymer molecules by selecting chain ends
randomly, and the expected chain length is the number-
average chain length. On the other hand, when a unit
bound into a polymer molecule is selected randomly, the
polymer molecule that involves this particular unit
follows the weight fraction distribution, and the expec-
tation is the weight-average chain length. When a large
number of molecules are collected by using Monte Carlo
methods, the statistical properties of the polymer mix-
ture can be determined. Furthermore, when the concept
of the random sampling technique is used in a “thought
experiment”, analytical solutions can be obtained for
simpler cases.39

In this and the following paper,28 we consider the
random degradation of branched polymer molecules by
the application of a random sampling technique. Ana-
lytical solutions are developed for special cases. One
of the simplest morphologies of a branched polymer
molecule would be a star-shaped polymer. In the
present paper, we deal with star polymers, and differ-
ences from the degradation of linear polymers are
clarified. In part 2 of this series, we consider polymer
molecules with multiple branches.

Simulation Method

To highlight the concept of the random sampling
technique, we will elucidate the Monte Carlo simulation
method before deriving analytical solutions. We con-
sider the whole molecular constitution when the prob-
ability of chain scission for each bond is φ. Suppose we
randomly select one unit from all of the units that exist
in the reaction mixture. The chain length (degree of
polymerization) of the primary polymer molecule that
involves this particular unit before chain scission can
be determined from the weight fraction distribution of
the primary polymer molecules (wp(r)), because the
selection is made on a weight basis. The chain length
of the selected primary polymer molecule (r) can be
determined by using a equidistributed random number,
y (0 < y < 1):

For several types of distribution functions, simpler
algorithms may be employed to generate random num-
bers that conform to special distributions.18,39,40

Suppose we have selected the nth unit in the primary
polymer molecule, as shown in Figure 1. We call this
unit the base unit. We have rR ) (r - n) units on the
right-hand side of the base unit, and rL ) (n - 1) units
on the left-hand side. Consider the random scission
process for this primary polymer molecule. By looking
from the base unit toward the right-hand side, the
probability that chain scission occurs at the (sR + 1)th
bonding, thus leaving sR units on the right-hand side,
is given by the following most probable distribution:

Therefore, the chain length sR can be determined from
a random number y between 0 and 1 as follows:

where ceiling[a] indicates the closest integer not smaller
than a. The chain length sL can be determined simi-
larly.
At this stage, a kind of competition of events is

considered, namely, if rR > sR chain scission really
occurs, then the chain length after scission becomes r′R
) sR. On the other hand, if rR < sR, then chain scission
is not a real event, and r′R ) rR. The chain length after
scission on the left-hand side can be determined simi-
larly, and the total chain length after scission is given
by r ) r′R + r′L + 1. If rL > sL, one obtains a linear
polymer, while if rL < sL, the selected polymer molecule
is a branched polymer.
When a branched polymer molecule is selected (rL <

sL), the primary chains connected from the multifunc-
tional unit (with f functional groups) follow the number
fraction distribution of the primary polymer molecules

Figure 1. Schematic representation of the random scission
process. The shaded unit, which is called the base unit in the
text, is selected randomly, after which the sequence lengths
of the units connected to this base unit are considered.

Ns(sR) ) φ(1 - φ)sR (2a)

= φ exp{-φsR} (φ , 1) (2b)

sR ) ceiling[ ln y
ln(1 - φ)

- 1] (3a)

= ceiling[1φ ln(1/y) - 1] (φ , 1) (3b)

y ) ∫0rwp(r) dr (1)
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(np(r)), because only chain ends can be connected. The
chain length of the ith arm (1 e i e f - 1) before chain
scission, ri, can be determined from

An “imaginary” chain length after scission for the ith
arm, si, can again be determined from the following
equation:

The “real” chain length for the ith arm after scission
can be determined by employing the competition process
discussed earlier. When the chain lengths for all arms
are determined, the size and structure of a star polymer
molecule are fixed. By simulating a large number of
polymer molecules in this way, the statistical properties
can be determined effectively. The whole simulation
algorithm is shown in Figure 2.

Arms with the Most Probable Distribution

Let us first consider the degradation of star polymers
whose chain length distribution of the arms (before
scission) conforms to the most probable distribution, i.e.,
the number (np(r)) and weight (wp(r)) fraction distribu-

tions of the primary polymer molecules are given by

where p is the probability that a unit is connected to
the next unit.
As clearly shown in eq 2, random scission is the

process that produces the most probable distribution for
the chains. That is why the MWD formed in the
random degradation of linear chains approaches the
most probable distribution as the scission probability φ
increases, irrespective of the initial MWD. Therefore,
the random degradation of star polymers whose arms
conform to the most probable distribution yields corre-
sponding information for the limiting MWD as a random
scission reaction proceeds, starting from any initial
MWD for the arms.
Linear polymers and branched polymers are formed

via random scission processes. Because the linear and
branched polymers follow different distributions, we
need to consider them separately.
Weight Fraction of the Branched Polymers. The

probability that a randomly selected unit belongs to the
branched fraction is the weight fraction of the branched
polymers, Φb. We select a unit from the polymer
mixture and consider the probability that this particular
unit is involved in a polymer molecule containing an f
functional unit.
Let us examine Figure 1 again. The probability that

a randomly selected unit is involved in the primary
polymer molecule with chain length r (before scission)
is given by the weight fraction distribution of the
primary polymer molecule, wp(r), as discussed in the
Simulation Method section. Suppose our randomly
selected unit is the nth unit, as shown in Figure 1. The
probability of making such a selection is wp(r)/r. The
probability that the chain scission does not occur until
the chain is connected to reach an f functional unit, or
sL > n - 1, Pb(n) is given by

Therefore, Φb is given by

where Phnp is the number-average chain length of the
primary polymer molecules, which is given by Phnp ) 1/(1
- p).
Linear Polymer Fraction. The connection prob-

ability between units for the present case is simply give
by (p - φ), except for the bonding connected to the f
functional unit, which is given by (1 - φ). By neglecting
the weight fraction of linear polymers formed by cutting
the bond connected to the f functional unit, the weight
fraction distribution of the linear fraction is simply given
by the following most probable distribution:

The fractional distribution of linear polymer molecules

Figure 2. Monte Carlo simulation algorithm.

y ) ∫0ri np(r) dr (4)

si ) ceiling[ ln y
ln(1 - φ)

- 1] (5a)

= ceiling[1φ ln(1/y) - 1] (φ , 1) (5b)

np(r) ) pr-1(1 - p) (6)

wp(r) ) rpr-1(1 - p)2 (7)

Pb(n) ) ∑
s)n

∞

Ns(s) ) (1 - φ)n (8)

Φb )∑
r)1

∞ wp(r)

r
∑
n)1

r

Pb(n)

) 1 - φ

φPhnp {1 - 1 -φ
Phnp - (Phnp - 1)(1 - φ)} (9)

W′l(r) ) r(p - φ)r-1(1 - p + φ)2 (10)
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in the whole MWD is simply given by multiplying the
preceding expression by the weight fraction of linear
polymers, (1 - Φb):

The number-average (Phn,l) and weight-average (Phw,l)
chain lengths of linear polymers are given by

Branched Polymer Fraction. The chain length of
each arm follows the most probable distribution even
after the scission processes, namely,

The distribution is the same as the MWD for the linear
fraction, which is given by eq 10. Therefore, the
number-average (Phn,arm) and weight-average (Phw,arm)
chain lengths of the arms are also given by eqs 12 and
13, respectively.
First, we consider the number-average (Phn,b) and

weight-average (Phw,b) chain lengths (degree of polym-
erization) for the branched fraction. By application of
the concept of the random sampling technique, the
average chain lengths can be obtained arithmeti-
cally.18,39 The number-average chain length is the
expected size of a polymer molecule when sampling is
made on a number basis. Since every branched polymer
molecule contains only one f functional unit, one can
sample on a number basis by selecting an f functional
unit randomly. The expectation that each arm is
connected to an f functional unit is Phn,arm, and the
expected number of arms connected to an f functional
unit is (1 - φ)f; therefore,

On the other hand, when one unit bound into a
branched polymer molecule is selected randomly, the
expected chain length is the weight-average chain
length (Phw,b). By referring to Figure 3, when one unit
is selected randomly, the chain length of the selected
arm follows the weight fraction distribution of the arms,
and the expected chain length is Phw,arm. The expected
number of additional arms connected to the f functional
unit is (1 - φ)(f - 1), and the expected chain length of
these connected chains is the number-average chain
length of the arms, Phn,arm, because only the chain end
can be selected randomly. Therefore, the weight-aver-
age chain length of the branched fraction is given by

The polydispersity index (PDI) is given by

Equation 19 was developed a long time ago41 for
multichain condensation polymers on the basis of the
consideration of the full MWD function. However, by
using the concept of the random sampling technique,
the same equation can be derived arithmetically, as
shown earlier.
Next, we consider the full distribution function. The

weight fraction distribution of the branched polymer
molecules (W′b(r)) consists of the fractional weight-based
chain length distribution containing 1, 2, ..., f arms:

First, consider the fractional weight-based distribution
containing i arms, Wi(r). By referring to Figure 3, the
initially selected arm follows the weight fraction distri-
bution given by eq 16. If all other (f - 1) bonds
connected to the f functional unit are cut, one obtains a
polymer molecule with only one arm that contains an f
functional unit. (For simplicity, we consider all polymer
molecules that contain an f functional unit as branched.)
The weight fraction distribution containing only one
arm is given by

If (f - 2) bonds connected to the f functional unit have
been cut, then a two-arm polymer is obtained. Suppose
our randomly selected unit belongs to a primary polymer
whose chain length is v1 (v1 < r). A polymer molecule
with two arms whose total chain length is r can be
obtained if the chain length of the connected chain,
which is also selected randomly, is v2 ) r - v1. The
primary polymer molecule connected from the f func-
tional unit must be selected on a number basis (narm-
(r)), because only the chain end can be connected;
therefore, W2(r) is given by

Wl(r) ) (1 - Φb)W′l(r) (11)

Phn,l ) 1
1 - p + φ

(12)

Phw,l ) 1 + p - φ

1 - p + φ
(13)

Phw,l
Phn,l

) 1 + p - φ

= 2 [when (1 - p) , 1 and φ , 1] (14)

narm(r) ) (p - φ)r-1(1 - p + φ) (15)

warm(r) ) r(p - φ)r-1(1 - p + φ)2 (16)

Phn,b ) (1 - φ)fPhn,arm )
(1 - φ)f
1 - p + φ

(17)

Phw,b ) Phw,arm + (1 - φ)(f - 1)Phn,arm )
p + (1 - φ)f
1 - p + φ

(18)

Figure 3. Schematic representation of the calculation of the
weight fraction distribution of the branched fraction that
involves a 4-functional unit. The chain length of the initially
selected primary polymer molecule follows the weight fraction
distribution of the primary polymer molecules (wp(r)), while
the other three chains, if connected, conform to the number
fraction distribution (np(r)).

Phw,b
Phn,b

)
p + (1 - φ)f
(1 - φ)f

(19a)

= f + 1
f

[when (1 - p) , 1 and φ , 1] (19b)

W′b(r) ) ∑
i)1

f

Wi(r) (20)

W1(r) ) (f - 1
0 )φf-1warm(r) (21)

W2(r) ) (f - 1
1 )(1 - φ)φf-2 ∑

v1+v2)r
warm(v1)narm(v2) (22)
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In general, Wi(r) is given by

where the summation term with a sum as its limit
means that the summation is taken for all possible
combinations of positive integers vj under the restriction
∑j)1
f vj ) r.
The solution for eq 23 is given by39

Therefore,

When φ , 1, the weight fraction of branched polymer
molecules with less than f arms is negligibly small. For
such cases, eq 25 reduces to

The fractional distribution of branched polymer mol-
ecules in the whole MWD is simply given by multiplying
by the weight fraction of branched polymers, i.e., Wb(r)
) ΦbW′b(r).
It is worth noting here that eq 26 reduces to the

Schulz-Zimm distribution42,43 when Phn,b . f:

The weight fraction distribution of the branched fraction
follows the Schulz-Zimm distribution throughout the
degradation reaction (as long as φ , 1 and f , Phn,b).
Calculated Results. We examine the case with f )

4 and p ) 0.996, i.e., the number-average chain length
of the primary polymer molecules Phnp ) 250, and the
number- and weight-average chain lengths of the initial
star polymers, Phn0 ) 1000 and Phw0 ) 1250, respectively.
Figure 4 shows the average chain length change during
the random degradation reaction. The x-axis shows the
average number of scission points per initial polymer
molecule, i.e., R ) φPhn0. Comparison is made with the
random degradation of linear polymer molecules whose
initial MWD is the same as that for the star polymer
molecules, i.e., the linear polymer molecules that pos-
sess the Schulz-Zimm distribution:42,43

where σ is a parameter indicating the narrowness of

the distribution breadth, namely,

In the present example, Phn0 ) 1000 and σ ) f ) 4.
The number-average chain length can be derived from

the stoichiometric argument whether the initial poly-
mers are star-shaped or linear:

On the other hand, random degradation of linear
polymers with the Schulz-Zimm distribution results in
the following weight-average chain lengths:8,10

Figure 4 clearly shows that the weight-average chain
length of the star polymer system decreases more slowly
than that for the linear polymer system. The PDI (Phw/
Phn) becomes larger than 2 and then approaches 2 as the
scission reaction proceeds, while it approaches 2 mo-
notonously for the initial linear polymers.
Figure 5 shows the weight fraction of branched

polymers (Φb) as well as the weight-average chain
length of each fraction. The symbols are the Monte
Carlo simulation results, while the solid curves are the
analytical solutions. The simulations were made to
obtain 2 × 104 polymer molecules at each scission level.
The accuracy of the simulated results is satisfactory.
The weigth-average chain length of the total polymer,
Phw, decreases from that for the branched fraction, Phw,b,
to that for the linear fraction, Phw,l, because the weight
fraction of linear polymers (1 - Φb) increases as
degradation proceeds.

Wi(r) ) (f - 1
i - 1 )(1 - φ)i-1φf-i ×

∑
∑j)1
f vj)r

warm(v1)narm(v2)narm(v3)‚‚‚narm(vi) (23)

Wi(r) )

(f - 1
i - 1 )(1 - φ)i-1φf-i(p - φ)r-i(1 - p + φ)i+1(ri ) (24)

W′b(r) )

∑
i)1

f (f - 1
i - 1 )(1 - φ)i-1φf-i(p - φ)r-i(1 - p + φ)i+1(ri )

(25)

W′b(r) = (p - φ)r-f(1 - p + φ)f+1(rf ) (26)

W′b(r) ) f f

Phn,bΓ(f)( r
Phn,b)f exp(-fr/Phn,b) (27)

W(r) ) σσ

Phn
0Γ(σ)( r

Phn
0)σ

exp(-σr/Phn
0) (28)

Figure 4. Average chain length development during random
scission reactions. The solid curves represent the star poly-
mers with four arms that conform to the most probable
distribution, in which p ) 0.996. The dashed curves show the
changes for the linear polymer molecules whose initial MWD
is the same as that of the star polymers.

σ )
Phn

0

Phw
0 - Phn

0
(29)

Phn )
Phn

0

1 + (Phn
0 - 1)φ

(30)

Phw ) 1
Phn

0
φ
2{Phn0[1 - (1 - φ)2] - 2(1 - φ) +

2(1 - φ)( σ
σ - Phn

0 ln(1 - φ))σ} (31a)

= 2
Phn

0
φ
2{Phn0 φ - 1 + (1 +

Phn
0
φ

σ )-σ} (φ , 1) (31b)
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Figure 6 shows the PDI of each fraction. Although
the behavior of the overall PDI appears to be compli-
cated, the PDI of each fraction does not change during
the scission reactions. The PDI of the linear fraction is
2, and that for the branched fraction is 1.25 ()(f + 1)/
f). The PDI of the total polymer changes due to the
change in the relative contribution of each fraction.
Since the present Monte Carlo simulations are made
on a weight basis, the accuracy of the number-average
chain length (Phn) is somewhat worse than that for Phw.
That is why a small fluctuation is observed in the
simulated results for the PDI.
Figure 7 shows the weight fraction distribution for

the total polymer as well as for the linear and branched
fractions. The Monte Carlo simulation results agree
satisfactorily with the theoretical distribution functions.
The linear and branched polymers follow completely
different distributions, as shown in the figure. Because
the physical properties of linear and branched polymers
differ significantly, fractionation on the basis of chain
morphology as shown here would be quite important.

Arms with a Uniform Distribution
Because random degradation is the process that leads

to the most probable distribution for the chains, as
clearly shown by eq 2, star polymers with any chain
length distribution of the arms will approach the
distribution given in the previous section as the prob-
ability of chain scission, φ, increases. However, it is
interesting to know how fast the approach will be,
depending on the breadth of the MWD for the arms. In
this section, we consider an extremely narrow distribu-
tion for the arms, i.e, a uniform distribution, where the
number and weight fraction distributions of the primary
polymer molecules are given by

where δ is Kronecker’s δ, i.e., δ(x) ) 0 where x * 0 and
1 for x ) 0. N is the chain length of each arm.
Weight Fraction of the Branched Polymers. By

following the argument for deriving eq 9, the weight
fraction of branched polymer molecules, Φb, is given by

Linear Polymer Fraction. First, let us consider the
weight fraction of a linear polymer with chain length
unity,Wl(1). Suppose our randomly selected unit is the
Nth unit, uN shown in Figure 8, then the polymers with
chain length unity would be obtained by cutting the
bonding, bN, whose probability is given by φ. On the
other hand, if we select any unit from u1 to uN-1, then
the polymer with chain length unity is obtained by
cutting both neighboring bonds, whose probability is
given by φ2. Therefore,

Figure 5. Weight fraction of branched polymers (Φb) and
weight-average chain length for each fraction as a function of
the average number of scission points per initial polymer
molecule, R. The calculation conditions are the same as for
the star polymers in Figure 4. The solid curves are the
analytical solutions calculated from eqs 9, 13, and 18, while
the symbols are the Monte Carlo simulation results.

Figure 6. Polydispersity index (Phw/Phn) for each fraction. The
solid curves are the analytical solutions, while the symbols
are the Monte Carlo simulation results.

Figure 7. Weight fraction distribution of each fraction when
the extent of scission reaction R ) 4. The solid curves are the
analytical solutions, while the symbols are the Monte Carlo
simulation results.

Figure 8. Schematic representation of the derivation of the
MWD in the linear polymer fraction for an initial uniform
distribution.

np(r) ) wp(r) ) δ(r - N) (32)

Φb ) ∑
r)1

∞ wp(r)

r
∑
n)1

r

(1 - φ)n

)
1

N
∑
n)1

N

(1 - φ)n ) (1 - φ

Nφ ){1 - (1 - φ)N} (33)

Wl(1) ) 1
N

{φ + (N - 1)φ2} (34)
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Next consider Wl(2). There are four types of events
that will produce linear chains with chain length 2: (1)
If our randomly selected unit is the Nth unit, uN,
polymers with chain length 2 would be obtained by
cutting the bonding, bN-1, whose probability is given by
φ(1 - φ). (2) If our randomly selected unit is the (N -
1)th unit, uN-1, polymers with chain length 2 would be
obtained by cutting the bonding, bN-1, or by cutting both
bN-2 and bN, whose probability is given by φ(1 - φ) +
φ2(1 - φ). (3) If we select u1, the connections b1 and b3
must be cut, whose probability is given by φ2(1 - φ). (4)
If any unit u2 to uN-2 is the selected unit (uj), polymers
with chain length 2 are obtained by cutting bonds bj and
bj+2 or bj-1 and bj+1, whose probability is given by 2φ2(1
- φ). As a consequence, Wl(2) is given by

Similarly, Wl(3) is given by

In general, the weight fraction of linear chains with
chain length r, Wl(r), is given by

which reduces to

From the distribution function, the number-average
(Phn,l) and weight-average (Phw,l) chain lengths of linear
polymers are given by

Branched Polymer Fraction. The number fraction
distribution of each arm after random scission follows
the following distribution function:

The number-average (Phn,arm) and weight-average (Phw,arm)
chain lengths of the arm chains can be obtained from
the distribution function, narm(r).

As discussed in deriving eqs 17 and 18, the number-
average (Phn,b) and weight-average (Phw,b) chain lengths
of branched polymer fraction are given by Phn,b ) (1 -
φ)fPhn,arm and Phw,b ) Phw,arm + (1 - φ)(f - 1)Phn,arm,
respectively. Therefore,

Next, consider the MWD of the branched polymer
fraction. Each branched polymer molecule contains one
f functional unit. By selecting an f functional unit
randomly, one obtains the number fraction distribution,
and therefore,

In the preceding equation, the summation term with a
sum as its limit means that the summation is taken for
all possible combinations of nonnegative integers vj
under the restriction, ∑j)1

f vj ) r.

From eq 44, one can calculate the MWD of the
branched polymer molecules numerically. Obviously,
the fractional weight-based distribution of branched
polymer molecules in the whole molecular species is
simply given by

Calculated Results. We examine the case with f )
4 and N ) 250, i.e., Phn0 ) Phw0 ) 1000. Figure 9 shows
the average chain length change during a random
degradation reaction. Comparison is made with the
random degradation of uniform linear polymer mol-
ecules with Phn0 ) 1000. For linear polymers, the

Wl(2) ) 1
N

{φ(1 - φ) + [φ(1 - φ) + φ
2(1 - φ)] +

φ
2(1 - φ) + 2(N - 3)φ2(1 - φ)}

) 1
N

{2φ(1 - φ) + [2(N - 3) + 2]φ2(1 - φ)} (35)

Wl(3) )
1
N

{3φ(1 - φ)2 + [3(N - 5) + 2 + 4]φ2(1 - φ)2} (36)

Wl(r) )
1

N
{rφ(1 - φ)r-1 + [r(N - 2r + 1) +

2∑
j)1

r-1

j]φ2(1 - φ)r-1} (37)

Wl(r) ) {φrN{1 + (N - r)φ}(1 - φ)r-1 (1 e r e N)

0 (r > N)
(38)

Phn,l )
φ(N + 1) - 1 + (1 - φ)N+1

φ
2N

(39)

Phw,l )

φN{2 - φ + 2(1 - φ)N+1} - (1 - φ)(4 - φ){1 - (1 - φ)N}
φ{φ(N + 1) - 1 + (1 - φ)N+1}

(40)

narm(r) ) {(1 - φ)rφ (0 e r < N)

(1 - φ)N (r ) N)
0 (r > N)

(41)

Figure 9. Average chain length development during random
scission reactions. The solid curves are for the star polymers
with four arms that conform to a uniform distribution in which
N ) 250. The dashed curves show the changes for the linear
polymer molecules whose chain length is 1000.

Phn,b )
(1 - φ)f

φ
{1 - (1 - φ)N-1(1 - φ + φ

2N)} (42)

Phw,b )

2 - φ - (1 - φ)N-1{(2 - φ)(1 - φ) + φN[φ2N + 2(1 - φ)]}
φ{1 - (1 - φ)N-1(1 - φ + φ

2N)}
+

((1 - φ)(f - 1)
φ ){1 - (1 - φ)N-1(1 - φ + φ

2N)} (43)

N′b(r) ) ∑
∑j)1
f vj)r

narm(v1)narm(v2)narm(v3)‚‚‚narm(vf) (44)

Wb(r) ) ΦbrN′b(r)/Phn,b (45)
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weight-average chain lengths can be calculated from8,10

As shown in Figure 9, the weight-average chain
length of the star polymers decreases more slowly than
that for linear polymers, and the difference from the
degradation of linear polymers is more significant than
that for arms with the most probable distribution that
was shown in Figure 4. The PDI (Phw/Phn) of the star
polymer system becomes significantly larger than 2 and
then approaches 2 as the scission reaction proceeds,
while it monotonously approaches 2 for initial linear
polymers.
Figure 10 shows the PDIs of the linear and branched

polymer fractions. Although the behavior of the overall
PDI appears to be complicated, the PDI of each fraction
approaches a fixed value monotonously, i.e., PDI ) 2
for the linear fraction and 1.25 for the branched fraction.
Figure 11 shows the weight fraction distribution

development during random degradation. When the
average number of scission points per polymer molecule
R ()φPhn0) is small, it is highly probable that some of
the four arms do not experience chain scission, i.e., some

arms may possess chain length 250. As a consequence,
a discontinuous change in the MWD profile is observed
at r ) 500 and 750. Even when R is as high as 10, these
points are still distinguishable, as shown by the arrows
in Figure 12. The chain lengths of the linear polymers
must be smaller than or equal to 250, and most
polymers with chain length smaller than 250 are linear
polymers up to R ) 4. However, at R ) 10, a significant
amount of branched polymers whose chain length is
smaller than 250 exists, and MWDs for both linear and
branched fractions overlap each other significantly. It
can also be seen from Figure 12 that the Monte Carlo
simulation can be conducted with sufficient accuracy.

Arms with a Broader Distribution

To further examine the effect of the breadth of the
MWD of the arms, we examine a broad chain length
distribution for the arms. In this section, only the
Monte Carlo simulation results are shown. When
Monte Carlo simulations are used, one can use any type
of initial distribution, including an experimentally
determined one. For simplicity, however, we use the
Schulz-Zimm distribution for the MWD of the arms.
We examine the case with f ) 4, the number-average
chain length of the primary polymer molecules (initial
arms) Phnp ) 250, and σ ) Phnp/(Phwp - Phnp) ) 0.1, i.e., Phwp
) 2750, Phn0 ) 1000, and Phw0 ) 3500.
Simulation Results. Figure 13 shows the average

chain length change during a random degradation
reaction. Comparison is made with the random degra-
dation of the linear polymer molecules that conform to
the Schulz-Zimm distribution, with Phn0 ) 1000 and Phw0
) 3500. Equations 30 and 31 are used for the calcula-
tion of linear polymers (Phn0 ) 1000 and σ ) 0.4). The
difference from the degradation of linear polymers is
very small. The PDI (Phw/Phn) approaches 2 monotonously
as the scission reaction proceeds. By comparison with
Figures 4 and 9, it is found that the differences between
linear and star-shaped polymers become smaller as the
initial MWD of the arms becomes broader. This phe-
nomenon can be understood as follows. When a very
broad distribution for the arms is used, an extremely
large number of small chains may exist. In such a case,
when we select a polymer molecule on a weight basis,
it is likely to have a star polymer that consists of 1 long
chain and (f - 1) short chains. For such types of star

Figure 10. Polydispersity index (Phw/Phn) of each fraction in
the random degradation of initial uniform star polymers. The
solid curves are the analytical solutions, while the symbols
are the Monte Carlo simulation results. A total of 2 × 104
polymer molecules is simulated.

Figure 11. Weight fraction distribution development during
the random degradation of initial uniform star polymers. All
curves are the analytical solutions for the total MWD.

Figure 12. Weight fraction distribution of each fraction when
the average number of scission points per initial polymer is R
) 10. The solid curve shows the analytical solution for the
total MWD, and the MWDs for each fraction are shown by the
dashed curves. The symbols are the Monte Carlo simulation
results. The discontinous points in the MWD of the branched
fraction (at r ) 500 and 750) are still observable even at this
very high extent of scission reaction, as shown by the arrows.

Phw )
{1 - (1 - φ)2}Phn

0 - 2(1 - φ) + 2(1 - φ)Phn
0+1

PhN
0
φ
2

(46a)

= 2
Phn

0
φ
2
{Phn

0
φ - 1 + exp(-Phn

0
φ)} (φ , 1) (46b)

Macromolecules, Vol. 29, No. 8, 1996 Star Polymers 3007



polymers, the effect of the branches on the random
scission reactions would be quite small.
Figure 14 shows the weight-average chain length

development for linear and branched polymer fractions,
as well as for the total polymer. The difference in the
weight-average chain lengths between the linear and
branched fractions is very small.
Figure 15 shows the effect of the MWD breadth of the

arms on the weight fraction of branched polymers. We
assumed the Schulz-Zimm distribution for the MWD
of the arms before scission. Note that σ is the parameter
for the Schulz-Zimm distribution, indicating the nar-

rowness of the distribution breadth. The value of σ )
∞ corresponds to the uniform distribution, and the curve
shown in Figure 15 was calculated from eq 33. On the
other hand, σ ) 1 is the case for the most probable
distribution, and the curve was calculated from eq 9.
As shown in the figure, the decrease in Φb is faster for
the broader MWD of the initial arms.

Conclusions
A random sampling technique in which polymer

molecules are sampled from an infinite number of
polymer molecules in the reaction mixture is used to
investigate MWD development during random degrada-
tion reactions of star polymers. The analytical solutions
for the full MWD change, as well as the average
molecular weights, are derived for the star polymers
whose arms conform to the most probable distribution
and to a uniform distribution. The Monte Carlo simula-
tions can be used to investigate any initial MWD with
sufficient accuracy. Compared with the random deg-
radation of the initial linear polymer molecules, the
decrease in the weight-average molecular weight is
slower; however, such a difference becomes smaller as
the initial MWD becomes broader. As the degradation
reaction proceeds, the linear polymer fraction ap-
proaches the most probable distribution, while the
branched fraction approaches the morphology in which
the MWD of each arm follows the most probable
distribution.

Glossary of Symbols

f number of functional groups in a multifunctional
unit

N chain length of the arm for the uniform distribu-
tion (eq 32)

N′b(r) number fraction distribution of the branched
polymers

Ns(s) probability density that the scission occurs at the
(s + 1)th bonding (eq 2)

n locaton of the base unit (Figure 1)
narm(r) number fraction distribution of the arms after

scission
np(r) number fraction distribution of the primary

polymer molecules (before chain scission)
Pb(n) probability that the nth unit from the f func-

tional unit still belongs to the branched frac-
tion after scission (eq 8)

Phn, Phw number- and weight-average chain lengths
Phn0, Phw0 number- and weight-average chain lengths be-

fore chain scission
Phn,b,
Phw,b

number- and weight-average chain lengths of the
branched polymer fraction

Phn,l, Phw,l number- and weight-average chain lengths of the
linear polymer fraction

Phnp number-average chain length of the primary
polymer molecule before scission

Phn,arm,
Phw,arm

number- and weight-average chain lengths of the
arms after scission

p probability of connection in the most probable
distribution (eqs 6 and 7)

r chain length (degree of polymerization)
r′ chain length of the initially selected primary

chain after scission (r′ ) r′R + r′L)
ri chain length of the ith arm before chain scission
r′i chain length of the ith arm after chain scission
rR, rL number of units bound to the primary chain on

the right- (rR) and left-hand (rL) sides of the
base unit before chain scission (Figure 1)

Figure 13. Average chain length development during random
scission reactions. The solid lines with symbols are for the
star polymers with four arms that conform to the Schulz-
Zimm distribution in which Phnp ) 250 and σ ) 0.1. The dashed
curves show the changes for the linear polymer molecules
whose initial number- and weight-average chain lengths are
the same as those for the star polymers.

Figure 14. Simulated weight-average chain length develop-
ment for each fraction as a function of the average number of
scission points per initial polymer molecule, R. The calculation
conditions are the same as for the star polymers in Figure 13.

Figure 15. Effect of the MWD breadth of the arms on the
weight fraction of branched polymers, Φb, under conditions
with f ) 4 and Phnp ) 250. The Schulz-Zimm distribution is
assumed for the MWD of the arms before scission. In the
figure, σ is the parameter for the Schulz-Zimm distribution
given by eq 28. The curves for σ ) ∞ and 1 are the analytical
solutions given by eqs 33 and 9, respectively.
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r′R, r′L number of units bound to the primary chain on
the right- (r′R) and left-hand (r′L) sides of the
base unit after chain scission (Figure 1)

si estimated location of the scission point for the
ith arm (eq 5)

sR, sL estimated number of units on the right- (sR) and
left-hand (sL) sides of the base unit when chain
scission occurs (Figure 1)

W(r) weight fraction distribution
Wb(r) fractional distribution of branched polymer mol-

ecules in the whole MWD after scission ()ΦbW-
′b(r))

W′b(r) weight fraction distribution of the branched
polymers after scission (∑r)1

∞ W′b(r) ) 1)
Wi(r) fractional weight-based distribution containing

i arms (eq 20)
Wl(r) fractional distribution of linear polymer mol-

ecules in the whole MWD after scission [)(1
- Φb)W′l(r)]

W′l(r) weight fraction distribution of the linear poly-
mers after scission (∑r)1

∞ W′l(r) ) 1)
warm(r) weight fraction distribution of the arms after

scission
wp(r) weight fraction distribution of the primary poly-

mer molecules (before chain scission)
y random number between 0 and 1

Greek Letters

R average number of scission points per initial
polymer molecule ()φPhn0)

σ parameter for the Schulz-Zimm distribution (eq
29)

Φb weight fraction of the branched polymers
φ probability of chain scission for each bond
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